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Symplecticintegrators (SIs)

Formally the solution of the Hamilton equations ofmotion can be written

as: dX
n tL
— ={H.X} =L, X = X(t)= n§>oj—n L X = et X

where X is the full coordinate vector and.,, the Poisson operator:

L r=dfonor on o
" op; 9q; 0q; dp

j=1

If the Hamiltonian H can be split into two integrable parts as H=A+B,a
symplectic scheme for integrating the equations asﬁotlon from time t to

time t+t consists of apprOXImatlng the operatore by
e‘rLH — e‘r(LA+LB) — |—| éTLA é‘vLB 'y ‘(n+l)

1=1
for appropriate values of constants ¢ d.. This isan integrator of order n.

So the dynamics over an integration time step is described by
a series of successive acts of Hamiltonians A and B.




Symplecticintegrator SABA C

The operatorerLH can be approximated by the synigctic integrator
[Laskar & Robutel, Cel. Mech. Dyn. Astr. (2001)]:

SABA2 — eclTLA edlrLB ngTLA edlrLB eClTLA
1 V3 3 1

Wlth Cl:E'?, CZZ?’ dl:zl

The integrator has onlysmall positive stepsand its error is of order 2.

In the case wheréA is quadratic in the momenta andB depends only on
the positionsthe method can be improved by introducing a correair C,
having a small negative step: JC

C=g 2188
2-4/3

b o=
with >4

Thus the full integrator scheme becomesSABAC, = C (SABA,) C and its
error is of order 4.



Tangent Map (TM) Method

Any symplectic integration scheme used for solving the Hamilton equatns of motion,
which involves the act of Hamiltonians A and B, can be extended in order tontegrate
simultaneously the variational equations[Ch.S. & Gerlach, PRE (2010) — Gerlach &
Ch.S., Discr. Cont. Dyn. Sys. (2011) — Gerlach et al., IJBC (2012)].
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The Klein — Gordon (KG) model

1 2
zp' 2y U (U )
4 2W
with fixed boundary COﬂdItIOﬂSUO Po=Uns+1=Pn+1=0. Typically N=1000.

1 3
Parameters:W and thetotal energy E. & chosen uniformly from {E E}

Linear case(neglecting the termu,%/4)
Ansatz: u;=A, exp(imt). Normal modes (NMs)A,, - Eigenvalue problem:
A=A - (AL + AL with A=We*-W -2, & =W(E -1)

The discrete nonlinear Schrodinger (DNL$ equation
We also consider the system:

_N 2 By o
_Zgl ‘WI‘ +E"/’|‘ '('//|+1’//| +’//|+1’//|)
=1
whereg, chosen uniformly from [—W?W?} andg is the nonlineaparameter.

Conserved quantities:The energy and the nornts = Z | |(,l/I |2 of the wave pket.



Distribution characterization

We consider normalizedenergy distributionsin normal mode (NM) space

7 = ZE,,E with E, = %(Af + wvzﬁf) , WwhereA  is the amplitude
m m

of the vth NM.
Second moment: M, Z(v v) . with y = Z vZ,

Different spreadlng regimes
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Different spreading regimes

Single site excitationa=1/3
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KG: Lyapunov Exponents

Individual runs

E=0.4, W=4

Average over 50 realizations

Single site excitation E=0.4,
W=4
Block excitation (21 sites)
E=0.21, W=4
Block excitation (37 sites)
E=0.37, W=3

S.Ch. et al. PRL (2013)




The KG model

We apply the SABAC, integrator scheme to the KG Hamiltonian by using
the splitting:

N (2 =
_Z P~ & 1 1 2
= (2|+2|u|2+4u'4+2W(UI+1-UI)]

‘_'_’l / J
A B

/ .
u; =

r -

L, W =PI e™s:

emay
Pr =P

1
p;= [— u,( €+ u%) + ‘/—V(M,_l + Uy, — 2.{4;)] T+ Py,

with a corrector term which corresponds to the Hamiltonian function:

C :{{ A, B} ’B} = i[ul (EI +u|2)_Wi(u|-1 t U, - 2u|)} :

=1



The DNLS model

How can we use Symplectic Integrators for the DNLS nubel?

* * 1 .
H, :Z‘(ﬁ ‘% 2+£‘W| ‘4 '('//|+1'//| +'//|+1'//|)’ W, :ﬁ(q + |p|)
|

2
(& B ,
H_. = il q2+ p2 + I~ q2+ pz) -9.q., _pnpmj
/ Al BT
Ly . { Q’f = q; cos(a 1)+ p;sin(o 1), l’
c p; = prcos(at) — g sinfe 7), e (g, p' =C(r) - (q,p)"

ar = e+ Blgi + p?)/2



Evaluation of the C(r) matrix

The equations of motion for the Hamiltonian B can le written as:

0 -1 0 --- 0 0
/—1 0 —1.-- 0 0 \
0 -1 0 --- 0 0

0 0 0 - 0 —1
\ 0 0 0 - =10 )

cos(AT) sin( A7) )

Then the matrix C(z) is given by C(r) = (_ (A7) cos(Ar)

[

o N s {_J.)[IL 2k _2k P N {_J.J[IL 2k+1_2k4+1
(_UH(Af)_Z [,%)IA 2k mu(A;)_Z(%_i_mA , +
k=0 =~ E=0

The evaluation of the elements of matrices cos@ and sin(Ar) can be
obtained through the determination of the eigenvalues and igenvectors of
matrix A itself (Gerlach, Meichsner, Ch.S., 2016, Eur. Phys. J. Sp. Top).



DNLS model: 2 part split Sls

Order 2:

Order 4:

Order 6:

Leap-frog (3 steps) LF (1) = exlacmloesla
SABA, (5 steps)

Yoshida, 1990, Phys. Lett. A (7 steps)

154(7_) — ffcl TLAE.:dl TLB ffcﬂ TL_A Edg’."LBE_:CQTLAE_:dl TLB ffcl TLA .
with 1 — 2(»2_21;_.3] , 0o — 2(2_21;.3} \ d-l = 3_9i1/3> ffl:-g — T 35_9i/3"

ABAB8G64 [Blanes et al., 2013,\ App. Num. Math.] (15 steps)

Using the composition method refereed as ‘solution A’ in [Yshida,
1990, Phys. Lett. A] we construct the 6th order symplectic
integrator S° having 29 steps

SO(1) = S%(w3T) S (wat)S? (w1 T)S% (woT)S? (w1T)S? (waT)S? (wsT)
where & is the SABA, integrator, while the values of w;, wy, w,,
w; can be found in [Yoshida, 1990, Phys. Lett. A]



2 part split SIs: Numerical results

LF 1=0.0025
SABA, 1=0.01
S 1=0.05

logqg S,

S$1=0.25

E,: relative energy
error

S.: relative norm error
T.: CPU time (sec)

logyg T,

\.
= — M2 wd = !

Gerlach, Meichsner,
Ch.S., 2016, Eur. Phys.
J. Sp. Top.

I
—

Iogmt Iogmt

N=1000, W=4=0.72, H,=-28.5



DNLS model: 3 part split Sls
Symplectic Integrators produced bySuccessive Splits (SS)
A B

HD=Z(‘2 (of + p)+ g(qlﬂol)’ - 0,0 - pnpnﬂj

|
‘/ q; = q 1/ —p,\A B

q; = ¢ cos(ayt) + pysin(oT), {

‘ , ) = p gi—1 + ¢ ‘r{ = a — (p/_ ‘
pl = preos(eyt) — g sine 7). pr=pri+ (@1 +q+)t | g =q — (pi—1 + pip1)T

Using the SABA integrator we get a2"d order integrator with 13
ste
PS, SS (3-\/5)1: L BTL\/E)T}LA
e’ ~°

SS = L °
3-\3)

’ -3 - T ' T (3'\/37)" \’(3—J?)r o , i (S_J?)r'\
Tl — T/2 J: 6 T:lLBl eELBZ e\/_:;’TLBl éLBz |€6T:|LBli 6 T EB1 —LBZ e\/_irLBl éLBZ 6 T |Ep,




DNLS model: 3 part split Slis

Three part split symplectic integrator of order 2, with 5

steps: ABC
_ & (2, 2\ P2, 2\ _
HD —IZ(‘z (gl +p1 )+ 8 (91 +p1 ) ‘ gngnﬂl\pn pn+]j
| | |
A B C
T T T
—L, —Lg Lg Lo,
ABC*’=e " @ §&°c @ &

This low order integrator has already been used bg.g. Chambers, MNRAS
(1999) — Gddziewski et al., MNRAS (2008).



DNLS model: 3 part split Slis

Order 4: Starting from any 29 order symplectic integrator $"9, we can

Order 6:

construct a 4" order integrator S*" using the composition method
proposed by Yoshida [Phys. Lett. A (1990)]: "

n n n 2 1
S (T):SZ d(xlT)xSZ d(XoT)XS2 d(xlT)’ X = 5_ 3" _2_21/3
In this way, starting with the 2"d order integrators S and ABC? we
construct the 4" order integrators:

SS with 37 steps ABC*y,with 13 steps

Using the ABAH864 integrator [Blanes et al., 2013, App. Num
Math.], where the B part is integrated by the SABA, scheme, we
construct the 4th order integrator: SS'y, integrator with 49 steps.

Using the composition method proposed in [Sofroniou & Spalka,
2005, Optim. Methods Softw.] we construct the 6th order
symplectic integrator ABC®s,with 45 steps.



logqg My

3 part split Sls: Numerical results

logypt logyp t

N=1000, W=4=0.72, H,=-28.5

logqg S,

ABC*4y, 1=0.05
SS'1=0.05

ABC6 1=0.225

E,: relative energy
error

S.: relative norm error
T.: CPU time (sec)

Gerlach, Meichsner,
Ch.S., 2016, Eur. Phys.
J. Sp. Top.
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2 and 3 part split Sls:
Comparing their efficiency

2 b 4 © Y
a b
151 (@) T 55 |- (b)
M
1+ 4k y
05 - 1 s fr
=
o 9 ' 4 = g
Y 6.5 [
0.5 r .
_‘I 1 I 1 Lol 1 1 1 I _?’ 1 I 1 Lol
10 100 10 100
N N

Best 2 part split:
Best 3 part split: ABCOg5, 7=0.225

N = number of sites, t =160
E,: relative energy error, T.: CPU time (sec)



Summary

 We presented several efficient symplectic integration methods
suitable for the integration of the DNLS model, which are
based on2 and 3 part split of the Hamiltonian.

v’ 2 part split methods preserve better the second integrabf the
system(i.e. the norm)

v For small lattices (N < 70) 2 part split methods are
computationally more efficient, while for larger lattice 3 part
split method should be used.
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